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The distribution of waiting times between successive tunneling events is an already established
method to characterize current fluctuations in mesoscopic systems. Here, I investigate mechanisms
generating correlations between subsequent waiting times in two model systems, a pair of capaci-
tively coupled quantum dots and a single-level dot attached to spin-polarized leads. Waiting time
correlations are shown to give an insight into the internal dynamics of the system, for example they
allow distinction between different mechanisms of the noise enhancement. Moreover, the presence
of correlations breaks the validity of the renewal theory. This increases the number of independent
cumulants of current fluctuation statistics, thus providing additional sources of information about
the transport mechanism. I also propose a method for inferring the presence of waiting time cor-
relations based on low-order current correlation functions. This method gives a way to extend the
analysis of nonrenewal current fluctuations to the systems for which single-electron counting is not
experimentally feasible. The experimental relevance of the findings is also discussed, for example
reanalysis of previous results concerning transport in quantum dots is suggested.
PACS numbers: 72.70.+m, 73.63.Kv, 73.23.Hk
I. INTRODUCTION
Investigation of current fluctuations is a valuable tool
for characterization of the underlying transport mech-
anism. At low temperatures the main contribution to
low-frequency fluctuations comes from the shot noise as-
sociated with charge quantization [1, 2]. The magnitude
of the shot noise depends on the quasiparticle charge
and the correlation of transport events, which is associ-
ated with quasiparticle statistics or the presence of in-
teractions [1]. In quantum dots the noise was found
to provide information about the asymmetry [3] and
spin-dependence [4] of tunneling rates in Coulomb block-
ade systems, interactions with the external environment
(with charge [5, 6], spin [7] and vibrational [8] degrees
of freedom), the presence of quantum coherence [9] or
many-body quantum correlations (e.g. in the Kondo ef-
fect [10, 11]), or the existence of Majorana fermions [12].
There are three characteristic regimes of noise distin-
guished by the value of the Fano factor F , which is a
ratio of the noise power and the mean current (see e.g.
Refs. [1, 13, 14]). If transport events are uncorrelated
the noise is Poissonian (F = 1). In fermionic systems,
correlations typically reduce the noise to sub-Poissonian
values (F < 1). However, there are also cases for which
the noise may become super-Poissonian (F > 1).
One of the mechanisms generating the super-
Poissonian noise is the dynamical channel blockade [4,
15], which is associated with the coexistence of trans-
port channels with different conductances. The electron
occupying one channel may block transport through the
remaining channels, which would lead to the noise en-
hancement. This mechanism has been reported in exper-
∗ krzysztof.ptaszynski@ifmpan.poznan.pl
imental studies of the electronic transport through mul-
tilevel quantum dots [16–18] and organic metallic tunnel
junctions [19].
Another mechanism of noise enhancement, which
should be carefully distinguished from the former, is the
stochastic switching between transport channels with dif-
ferent conductances, referred to as the telegraphic switch-
ing [20]. It can be caused either by some external factor
(e.g. a charge [5, 6] or spin [7] dynamics of a coupled
external system) or by some intrinsic causes (i.e. it can
be a result of switching between charge [21], spin [13],
vibrational [22–24], motional [25] or energy [20] states
of a system itself). While this phenomenon has been
studied mostly theoretically, the noise enhancement re-
sulting from the switching between the ground and the
metastable excited state of a quantum dot [21] or from
the dependence of tunneling rates on a vibrational state
of a single-molecule transistor [24] has been experimen-
tally observed using charge counting techniques and con-
ventional current measurements, respectively.
A more general analysis of the current fluctuations can
be provided by two other already established approaches:
the full counting statistics (FCS) [26, 27] and the waiting
time distribution (WTD) [28]. FCS analyses the distri-
bution of the number of particles transferred in a given
time interval, providing information not only about the
noise, but also about higher zero-frequency current cor-
relators. High-order cumulants were found to be use-
ful for reconstructing generators of the time evolution of
systems with multiple degrees of freedom [29]. In a com-
plementary way, WTD studies the distribution of time
delays between subsequent physical events. WTD was
found to reveal the short-time dynamics of the system,
for example by showing the oscillatory behavior of the
distribution associated with a spin precession [30] or co-
herent oscillations of electrons in a system (e.g. in a
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2quantum dot molecule [28] or a quantum dot attached
to normal and superconducting leads [31]). In quantum
dots both FCS and WTD can be experimentally stud-
ied using charge detection techniques [32]. While such
experiments are mostly conducted in ultra-low temper-
atures (down to several millikelvins), recently the real-
time charge trap dynamics monitoring at room tempera-
ture has been shown to be feasible [33]. However, single
electron counting experiments are currently confined to
very low currents, with frequencies of tunneling events
on the order of kHz [3, 32, 34, 35]. Due to this fact,
the method determining indirectly WTD with the eas-
ier measurable quantities, like the second-order current
correlation function, has been proposed [35]. While this
paper focuses on electronic transport, both FCS and
WTD are widely applied also beyond this field, for ex-
ample in quantum optics [36–38] and statistical kinetics
of biomolecular systems [39–41].
In many cases transport statistics can be well described
by the renewal theory, which assumes that successive
waiting times between transport events are statistically
independent equally distributed random variables [42].
In such a case, the joint probability density of two succes-
sive waiting times w(τ1, τ2) can be factorized into a prod-
uct of two single-time distributions w(τ1)w(τ2) [43, 44].
When this assumption is satisfied, there are exact identi-
ties between cumulants of FCS and WTD, enabling the
reconstruction of FCS on the basis of WTD [42, 45].
Moreover, for the renewal dynamics a relation holds be-
tween WTD and the second-order correlation function
g(2)(τ), which enables the reconstruction of the former
on the basis of the latter, even when the detector effi-
ciency is below 100% [36]. However, studies of coherent
transport in a quantum point contact have shown that
waiting times between successive transport events can
be correlated [43, 46]. Correlations were found to appear
due to the fermionic statistics of electrons. The pres-
ence of correlations indicates that the renewal assump-
tion is not satisfied. In such a case, the aforementioned
relations between cumulants of FCS and WTD are no
longer valid, as shown by Albert et al. [46]. Beyond the
field of electronic transport, nonrenewal statistics have
been previously investigated in some systems described
by the Markovian master equation, for example in opti-
cal [44, 47–49] or biochemical [50] ones. In particular,
the analysis of waiting times correlations was shown to
give an insight into the internal dynamics of fluorescent
molecules [47–49]. This suggests, that the investigation
of physical quantities characterizing the deviation from
the renewal behavior may be a useful tool for character-
ization of the experimentally relevant systems.
The aim of this paper is to extend the investigation
of nonrenewal statistics to electronic transport in the se-
quential tunneling regime. To this end, I analyze two
conceptually simple and experimentally feasible trans-
port models: the system of two capacitively interacting
quantum dots and the single-impurity Anderson model
in the infinite-bias limit realized in a quantum dot at-
tached to spin polarized leads. These models enable a
relatively simple qualitative understanding of physical
mechanisms generating nonrenewal current fluctuations,
and thus may provide a working basis for the analysis of
more complex mesoscopic systems. Transport statistics
of the studied models are analyzed using the methods
based on the master equation [27, 28]. The nonrenewal
behavior is made evident by calculating the joint distri-
bution and the cross-correlation of two subsequent wait-
ing times. These quantities are shown to give an insight
into the internal dynamics of the system, for example by
providing a way to distinguish between the telegraphic
switching and the dynamical channel blockade. The in-
fluence of the nonrenewal dynamics on FCS and WTD is
also analyzed. This reveals some nontrivial effects, like
the nonequivalence of waiting time distributions for in-
coming and outgoing electrons which arises due to the
correlation between electron jumps. Moreover, in order
to extend the analysis to the systems for which the single-
electron counting is not experimentally feasible, I study
the influence of the nonrenewal dynamics on the second-
order current correlation function and its relation to FCS
and WTD.
The paper is organized as follows. Sec. II describes the
methods used to characterize the current fluctuations.
In Sec. III a model of the double quantum dot system
is specified and corresponding results are presented and
discussed. Sec. IV in a similar way deals with transport
within the Anderson model. Finally, Sec. V brings con-
clusions following from my results.
II. METHODS
The paper reports investigation of electron transport
through quantum dot systems in the sequential tunneling
regime. I focus on the situations when the coupling to
the leads is weak and the separation between the discrete
energy levels of the dot and the electrochemical poten-
tials of the leads is high in comparison with kBT (the
assumption referred to as the infinite-bias limit [14, 28]).
As shown in Refs. [27, 51, 52], in such a case the tun-
neling is unidirectional and can be exactly described by
the Markovian master equation. The master equation
written in the Liouville space takes the form [53, 54]
ρ˙(t) = Lρ(t), (1)
where: ρ(t) is the column vector containing in general
both diagonal and non-diagonal elements of the density
matrix of the system (state probabilities and coherences),
and L is the square matrix representing the Liouvillian.
In all studied systems the coherences are neglected and
only the dynamics of diagonal elements of the density
matrix is considered. The study is also confined to the
systems having a unique stationary state ρ0, which is a
solution of the equation Lρ = 0.
To characterize the current fluctuations in the station-
ary state I calculate the following quantities: cumulants
3of the zero-frequency full counting statistics, the wait-
ing time distribution, the joint distribution of two suc-
cessive waiting times and the second-order current cor-
relation function. To calculate FCS a counting field χ,
which counts the number of transport events, is intro-
duced [26, 27]. The master equation is then written in
the counting field dependent form
ρ˙(t, χ) = (L0 + J eχ) ρ(t, χ), (2)
where J is the operator describing the considered set of
jump processes (e.g. tunneling of electrons between a
dot and a chosen lead) and the operator L0 = L − J
describes the remainder of the system’s dynamics. In
this paper I focus on time-independent scaled cumulants
of FCS. The n-th order scaled cumulant cn is defined in
the following way: cn = limt→∞ Cn(t)/t, where Cn(t) is
the n-th order cumulant of the number of jump events
occurring in the time t. The scaled cumulants can be
calculated as follows [29, 55]:
cn =
[
dn
dχn
λ(χ)
]
χ=0
, (3)
where λ(χ) is the scaled cumulant generating function.
When the system has the unique stationary state ρ0, λ(χ)
is a dominant eigenvalue of the counting-field dependent
operator L0 + J eχ [56]. In general it is impossible to
find analytical expressions for λ(χ) if the rank of the
matrix is higher than 4. However, it is not necessary,
because all scaled cumulants up to the N -th order can
be calculated using Eq. (3) and solving the following set
of linear equations [29, 55]:{
dn
dχn
det [λ(χ)− L0 − J eχ]
}
χ=0
= 0, (4)
with n ranging from 1 to N . The knowledge of λ(χ) is
not required since λ(0) = 0.
Now, the waiting time distribution is considered fol-
lowing the approach developed by T. Brandes [28]. One
can calculate the distribution of waiting times either be-
tween two successive jump events of the same type k or
between jumps of two different types k and l. In this
paper the term ”jump of type k” refers to the tunneling
between a dot and a chosen lead; in general it may re-
fer to an arbitrarily chosen set of transitions within the
Markovian model. The Laplace transform of the distri-
bution of waiting times between jumps of types k and l
is given by the expression [28]
wkl(s) =
∫ ∞
0
e−sτwkl(τ)dτ =
Tr[Jl(s− L0)−1Jkρ0]
Tr[Jkρ0] ,
(5)
where L0 = L − Jk for k = l and L0 = L − Jk − Jl for
k 6= l, with Jk, Jl being operators describing jumps of
types k and l respectively, and ρ0 is the vector of the sta-
tionary state. The waiting time distribution wkl(τ) can
be easily obtained from wkl(s) using the inverse Laplace
transform. In general wkl(τ) 6= wlk(τ). The n-th or-
der moments and cumulants of the distribution wkl(τ),
denoted as 〈τnkl〉 and κkln respectively, are given by ex-
pressions [28]
〈τnkl〉 = (−1)n
[
dnwkl(s)
dsn
]
s=0
, (6)
κkln = (−1)n
{
dn log[wkl(s)]
dsn
}
s=0
. (7)
In a similar way one can consider a joint distribution
of two subsequent waiting times τkl and τlm separating
three successive jumps of types k, l and m. This distri-
bution is denoted as wklm(τkl, τlm). Distributions of this
type for systems described by the master equation have
been already considered in Refs. [44, 48]. The Laplace
transform of the distribution wklm(τkl, τlm) is given by
the expression
wklm(s, z) =
∫ ∞
0
dτlm
∫ ∞
0
dτkle
−sτkl−zτlmwklm(τkl, τlm)
=
Tr[Jm(z − Llm0 )−1Jl(s− Lkl0 )−1Jkρ0]
Tr[Jkρ0] , (8)
where Lkl0 and Llm0 are remainders of the Liouvillian
defined in the analogous way as in Eq. (5). If sub-
sequent waiting times are uncorrelated the joint WTD
can be factorized in the following way: wklm(τkl, τlm) =
wkl(τkl)wlm(τlm) and wklm(s, z) = wkl(s)wlm(z), other-
wise it is not possible. Such a factorization is often re-
ferred to as the renewal property [43]. Using the joint
WTD one can calculate the cross-correlation (covariance)
of two successive waiting times
〈∆τkl∆τlm〉 =
{
∂
∂s
∂
∂z
log[wklm(s, z)]
}
s=0,z=0
, (9)
where ∆τij = τij−〈τij〉 is the deviation from the mean. It
is also useful to consider the normalized cross-correlation
NCC =
〈∆τkl∆τlm〉√〈∆τ2kl〉〈∆τ2lm〉 , (10)
defined as the covariance divided by the product of stan-
dard deviations of waiting times. If the renewal assump-
tion is fulfilled NCC = 0.
If the jumps associated with the operator Jk are
renewal processes, one can find a direct relation be-
tween WTD and the cumulant generating function of
FCS [28, 42], as well as between the cumulants of FCS
and WTD [42, 45]. For nonrenewal processes such sim-
ple relations do not hold [45, 46]. In Markovian systems,
like the ones considered in this paper, all elementary pro-
cesses (i.e the transitions between single states in the Li-
ouville space) are renewal ones and one can always find
a relation between the full counting statistics and the
waiting time distributions of such processes [28]. This
contrasts with the systems studied in Refs. [43, 46], in
which the nonrenewal behavior was a result of the non-
Markovian system-reservoir dynamics. However, also in
4Markovian systems the nonrenewal statistics can arise
when the jump operator is associated with at least two
elementary transitions [44, 47–49]. Such complex forms
of the jump operator are often necessary to describe the
experimentally observed processes, because in many sit-
uations the elementary transitions are not directly acces-
sible due to the presence of hidden degrees of freedom.
Finally, I consider the second-order current correlation
function S(τ) which, in contrast to the waiting time dis-
tribution, is defined for the continuous current measure-
ments. I focus on the auto-correlation function – the
correlation of values of the current flowing through a sin-
gle junction measured at two different moments of time.
It is expressed in the following way [14, 28]:
S(τ) = 〈δI(τ + t)δI(t)〉t , (11)
where δI(t) is the deviation of the current from its aver-
age in the stationary state. Its Fourier transform is the
finite-frequency noise power [14, 28]
S(ω) =
∫ ∞
−∞
dτeiωτS(τ). (12)
For the unidirectional transport S(τ) can be expressed
as [14]
S(τ) = 〈I〉2[g(2)(τ)− 1], (13)
where 〈I〉 is a mean current and g(2)(τ) is the second-
order correlation function defined as [14, 36]
g(2)(τ) =
〈P (t, t+ τ)〉t
〈P (t)〉2t
, (14)
where P (t, t + τ) is the joint probability density of two
electron tunnelings (not necessarily subsequent) occur-
ring at times t and t+ τ respectively, and P (t) is a prob-
ability density of the single electron tunneling at the time
t. For the stationary state 〈P (t)〉t = 〈I〉. The Laplace
transform of the function g(2)(τ) is given by the expres-
sion [14]
g(2)(s) =
Tr[J (s− L)−1J ρ0]
Tr[J ρ0]2 , (15)
where the operator J corresponds to all tunneling pro-
cesses contributing to the measured current. In contrast
to Eq. (5), the above expression contains full Liouvillian
L instead of the remainder L0.
For the Markovian renewal dynamics, g(2)(τ) and S(τ)
are related to the waiting time distribution w(τ). After
some algebra, presented in Ref. [36], one obtains
w(s) =
〈I〉g(2)(s)
1 + 〈I〉g(2)(s) =
〈I〉2 + sS(s)
〈I〉2 + s[〈I〉+ S(s)] . (16)
Using this equality one can reconstruct the WTD on the
basis of the second-order current correlation function. If
the dynamics is nonrenewal, this relation is no longer
valid [14]. However, one can still use Eq. (16) to define
the pseudo-waiting time distribution u(τ) and calculate
its cumulants qn in the following way:
qn = (−1)n
{
dn log[u(s)]
dsn
}
s=0
. (17)
As shown below, this fictitious distribution may be useful
for revealing the nonrenewal dynamics of the system.
III. TWO CAPACITIVELY COUPLED DOTS
A. Model
In this section I consider the system of two capaci-
tively coupled quantum dots [Fig. 1 (a)] to illustrate the
generation of nonrenewal current fluctuations due to the
telegraphic switching. Such a double quantum dot sys-
tem, despite its simplicity, exhibits a rich physics, and
therefore has been already extensively studied both ex-
perimentally [57] and theoretically [58]. Previous studies
have revealed, for example, phenomena like a Coulomb
drag [59–61], heat-to-current conversion [62, 63] and
even Maxwell’s-demon-like behavior [64] (confirmed ex-
perimentally by using the system of two metallic is-
lands [65]). Moreover, recently the influence of the tele-
graphic switching on the full counting statistics in a sim-
ilar system of two capacitively coupled single electron
boxes has been experimentally investigated [6].
The studied system is a four terminal one – each dot
is coupled to separate left (source) and right (drain)
leads. As mentioned in Sec. II, the infinite-bias limit
is taken. Tunneling rates between the dot and the leads
are assumed to be energy-dependent, which is experi-
mentally feasible [63], and thus their values are condi-
tioned on the occupancy of the other dot. Additionally,
a strong intra-dot Coulomb repulsion is assumed – each
dot can be occupied by at most one electron. Therefore,
the dynamics of the system can be described by a four-
state Markovian model with states defined in the basis
{(0, 0), (1, 0), (0, 1), (1, 1)}, where the first and the second
position in the brackets corresponds to the upper and
the lower dot, while 0 and 1 refers to the empty and the
occupied dot, respectively [Fig. 1 (b)]. The Liouvillian
written in the considered basis reads
L =

−ΓL − γL ΓR γR 0
ΓL −ΓR − γUL 0 γUR
γL 0 −ΓUL − γR ΓUR
0 γUL Γ
U
L −ΓUR − γUR
 .
(18)
In principle, by using two separate detectors, it is possi-
ble to simultaneously detect charge states of both dots.
In this way one can observe the whole dynamics of the
system. Since the dynamics is Markovian, each transi-
tion between individual charge states is a renewal pro-
cess. However, in this paper I focus on the statistics of
5Γ (E) ΓR(E)
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(a)
Γ
Γ
U
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ΓR
U
L R L R
U U
(b)
FIG. 1. (a) System of two capacitively coupled quantum dots;
Γi(E) and γi(E) – energy dependent tunneling rates. (b)
Four-state Markovian model of the dynamics of the system.
Each state corresponds to a different charge configuration,
with black dots denoting the electrons occupying quantum
dots. Transition rates with superscripts U refer to the cases
when the other dot is charged.
tunneling events in the upper quantum dot only, treat-
ing the lower dot as an external source of a random tele-
graph noise (similarly to Refs. [5, 6]). The main reason
for this is to provide a simple model which well illustrates
the influence of telegraphic switching on current fluctu-
ations (and, in particular, on waiting time correlations).
Already in Refs. [44, 47, 48] it has been reported, that
the telegraphic switching may generate a correlation be-
tween subsequent waiting times. Moreover, nonrenewal
photon statistics in a similar four-state model have been
already studied in Refs. [48, 49]. However, this paper
extends these previous studies in two ways. Firstly, it
analyses additional statistical quantities, like the second
and the third cumulant of current fluctuations. Secondly,
it presents qualitatively new phenomena resulting from
the reduction of symmetry of the model studied.
To explain, why the random switching is expected to
occur in the system, the Liouvillian is decomposed as
follows:
L = LΓ + Lγ , (19)
where LΓ/Lγ are operators describing tunneling in
the upper/lower dot (containing, respectively, tunneling
rates {Γi,ΓUi } and {γi, γUi }). The operator LΓ can be
written in the block-diagonal form
LΓ =
(L11 0
0 L22
)
, (20)
where matrices L11 and L22 contain transitions rates Γi
and ΓUi , respectively. These matrices describe tunnel-
ing in two distinct transport channels corresponding to
different charge configurations of the lower dot. The op-
erator Lγ , meanwhile, describes the switching between
these channels. Thus, the system is expected to exhibit
the telegraphic switching behavior.
γ γ
Γ(1+a)
Γ(1+a)
γ γ
Γ(1-a)
Γ(1-a)
(a)
Γ
ΓR
ΓR
U
γL γR
ΓL
γL γR
(b)
FIG. 2. (Color online). Four state models for different tun-
neling rate symmetries considered in the main text: (a) the
symmetric system with γi = γ
U
i = γ, Γi = (1 − a)Γ and
ΓUi = (1 + a)Γ; (b) the asymmetric system with γi = γ
U
i and
ΓUL = ΓL. Arrows with shaped tails correspond to counted
transitions, the red arrows with bullet-tails correspond to the
tunneling from the left lead to the dot, and blue arrows with
square-tails in (b) correspond to the tunneling from the dot
to the right lead.
In order to calculate the statistics of current fluctua-
tions, I also define two jump operators
JL =
 0 0 0 0ΓL 0 0 00 0 0 0
0 0 ΓUL 0
 , (21)
JR =
0 ΓR 0 00 0 0 00 0 0 ΓUR
0 0 0 0
 , (22)
describing the tunneling from the left lead to the upper
dot and the tunneling from the upper dot to the right
lead, respectively. As one can note, each of these op-
erators corresponds to two transitions within the four
state model. As mentioned in Sec. II, the waiting time
correlations can occur only, when the jump operator cor-
responds to at least two elementary transitions.
B. Results
I begin my analysis with the simplest case illustrating
the telegraphic switching: the system with dots symmet-
rically coupled to left and rights leads [Fig. 2 (a)]. The
tunneling rates in the lower channel are assumed to be
energy independent and equal to γ. The tunneling rates
between the upper dot and the leads are equal to (1−a)Γ
when the lower dot is empty and (1+a)Γ when the lower
dot is occupied, where a is the asymmetry parameter de-
scribing the energy dependence of tunneling rates.
At first, I show that waiting time correlations occur
in the system. I denote the waiting time between subse-
quent electron jumps from the left lead to the upper dot
6FIG. 3. (Color online). Dependence of (a) the normalized
cross-correlation NCC of successive waiting times τLL, (b)
the Fano factor F (black curves) and the randomness parame-
ter R (green curves) on a for the symmetric system [Fig. 2 (a)]
for different values of γ/Γ.
as τLL. Fig. 3 (a) shows the dependence of the normal-
ized cross-correlation of two subsequent times τLL on the
asymmetry parameter a for different ratios γ/Γ. One can
observe that for a 6= 0 the cross-correlation can be pos-
itive, which clearly indicates that the dynamics is non-
renewal. As a matter of fact, the joint distribution of
two subsequent waiting times cannot be factorized into
a product of two single-waiting time distributions. The
presence of the correlation results from the telegraphic
switching between transport channels with different val-
ues of tunneling rates [either (1+a)Γ or (1−a)Γ]. When
the channel with higher tunneling rates (later referred to
as the fast channel) is open, the subsequent waiting times
tends to be shorter than the mean value. Accordingly,
when the second (slow) channel is open, the subsequent
waiting times tends to be longer than the mean value. As
a result, the subsequent waiting times become positively
correlated.
The cross-correlation is reduced as the ratio γ/Γ rises,
because the fast switching between channels increases the
probability that a short waiting time is followed by a long
one and conversely. In the limiting case of γ → ∞, the
correlation vanishes. When the absolute value of a is
increased, the cross-correlation at first rises because the
deviation of waiting times from the mean value increases
in either channel. However, for high values of |a| the
NCC starts to decrease (expect for the limiting case of
γ → 0). In such a case the current flowing through a
slow channel is blocked, and transport is predominated
by the tunneling in the fast channel, which decreases the
number of waiting times deviating from the mean value,
and consequently also the value of cross-correlation.
In the next step I analyze the influence of telegraphic
switching on the full counting statistics and the waiting
time distribution, and show that their joint analysis also
provides information about the nonrenewal behavior of
the system. It has been already reported by Albert et
al. [46], who studied FCS and WTD in a quantum point
contact. However, the system analyzed herein enables
to study the qualitative behavior of FCS and WTD in a
simpler way, and reveals also the specific physics of tele-
graphic switching phenomenon. I focus on the analysis of
two quantities associated with the FCS and WTD respec-
tively, the Fano factor F and the randomness parameter
R [39, 40]:
F =
c2
c1
= lim
t→∞
〈∆n(t)2〉
〈n(t)〉 , (23)
R =
κLL2
(κLL1 )
2
=
〈∆τ2LL〉
〈τLL〉2 , (24)
where n(t) is the number of particles tunneling through
the upper dot within the time t. If the renewal assump-
tion is satisfied, these parameters are the same [42, 45].
As Fig. 3 (b) clearly shows, here this equality does not
hold. In the considered system the Fano factor is always
higher than or equal to the randomness parameter. The
difference F−R depends on γ/Γ and a in a similar way as
the cross-correlation NCC. When the magnitude of the
asymmetry parameter |a| is sufficiently high, and at the
same time the ratio γ/Γ is low enough, the noise becomes
super-Poissonian. Such a large noise enhancement result-
ing from the telegraphic switching is an already known
phenomenon [7, 13, 20, 22, 23]. In the limiting case of
γ → 0, the Fano factor becomes infinite for arbitrary non-
zero values of a. The randomness parameter, however,
remains finite also at this limit. Let’s now explain this.
For γ → 0 the switching between transport channels be-
comes infinitesimally slow, and thus one can assume that
during an arbitrarily long time interval either the fast or
the slow channel is open. Therefore, one can consider
two separate distributions of charge transmitted in the
fast and the slow channel, denoted as nf (t) and ns(t),
respectively. The variance of the number of transmitted
7particles is given by the following expression:
〈∆n(t)2〉 = Pf 〈[nf (t)− 〈n(t)〉]2〉+ Ps〈[ns(t)− 〈n(t)〉]2〉
= Pf{〈[nf (t)− 〈nf (t)〉]2〉+ [〈nf (t)〉 − 〈n(t)〉]2}
+ Ps{〈[ns(t)− 〈ns(t)〉]2〉+ [〈ns(t)〉 − 〈n(t)〉]2},
(25)
where Pf and Ps denote the probabilities that the fast
or the slow channel is open, respectively. For long
times the variance is predominated by the sum of terms
[〈nj(t)〉 − 〈n(t)〉]2 = (Ij − I)2t2, where j ∈ {f, s}, I is
the mean current and Ij is the mean current in the j-th
channel. These terms are quadratic functions of time,
while the mean value 〈n(t)〉 is a linear function of t, and
thus F = limt→∞〈∆n(t)2〉/〈n(t)〉 =∞. The randomness
parameter, however, remains finite, which can be shown
in a similar way. One can write the variance of waiting
times as
〈∆τ2〉 = pf 〈(τf − 〈τ〉)2〉+ ps〈(τs − 〈τ〉)2〉
= pf [〈(τf − 〈τf 〉)2〉+ (〈τf 〉 − 〈τ〉)2] (26)
+ ps[〈(τs − 〈τs〉)2〉+ (〈τs〉 − 〈τ〉)2],
where τf/τs are the waiting times measured in the
fast/slow channel, while pf = Pf 〈τs〉/(Ps〈τf 〉 + Pf 〈τs〉)
and ps = Ps〈τf 〉/(Ps〈τf 〉 + Pf 〈τs〉) are the probabilities
that the charge is transmitted in the fast or the slow
channel, respectively. It is a sum of finite quantities, and
thus the randomness parameter remains finite.
As already mentioned in Sec. I, single electron count-
ing experiments are currently confined to measurements
of low currents corresponding to tunneling frequencies
on the order of kHz. Moreover, they are not directly
applicable for the study of electron transport beyond
the sequential tunneling regime. However, it appears
that the nonrenewal character of current fluctuations can
be inferred using low-order current correlation functions,
which in principle can be investigated by conventional
current measurements. To show this, let’s consider cu-
mulants qn of the pseudo-waiting time distribution u(τ)
calculated on the basis of the second-order current corre-
lation function S(τ) (see the end of Sec. II). The pseudo-
randomness parameter Π = q2/q
2
1 appears to be equal to
the Fano factor. However, it appears that the nonrenewal
dynamics may be revealed by the behavior of higher or-
der cumulants. Let’s analyze the following quantities:
σ =
c3
c1
,
ψ = 3
κ22
κ41
− κ3
κ31
, (27)
ξ = 3
q22
q41
− q3
q31
,
where for simplicity κLLn = κn. These three quantities
are equal to each other for renewal systems [42], but in
general they are unequal (see Fig. 4). Thus, it may be
concluded that the joint measurement of the third cumu-
lant of the zero-frequency FCS, which is experimentally
FIG. 4. (Color online). Dependence of the quantities defined
in Eq. (27) on a for the symmetric system [Fig. 2 (a)] for
γ/Γ = 0.1. σ – black line, ψ – red dashed line, ξ – green line.
accessible using continuous current measurements [66],
and the second-order current correlation function S(τ)
enables to infer the presence of waiting time correlations.
There is also a negative consequence: the identity (16),
which enables the reconstruction of WTD on the basis
of S(τ) or g(2)(τ), does not hold any longer. One should
be aware that measurements of S(τ), though in princi-
ple possible [67, 68], are in general very demanding [34].
However, I expect that experiments can give meaningful
results at least for very slowly modulated systems. As a
matter of fact, in such a case the step-like shape of the
current-time trace could be even directly observed, as in
Refs. [6, 24].
For the symmetric system the qualitative interpreta-
tion of NCC, WTD and FCS was relatively intuitive.
Now I consider an asymmetric system [see Fig. 2 (b)],
with different couplings of the dots to the left and right
leads, to show that the joint dynamics of the upper and
the lower dot may result in complex and non-trivial be-
havior of current fluctuations. As can be noted, now only
one of tunneling rates is assumed to be energy depen-
dent, i.e. the one between the upper quantum dot and
the right lead (cf. a similar case in Ref. [7], in which a
single tunneling rate was modulated by a spin impurity).
I begin the analysis by considering the correlation be-
tween subsequent times τRL (the time during which the
dot remains empty) and τLR (the time during which the
dot remains occupied – the electron dwell time). Similar
correlations in a double dot system, in which both tun-
neling rates in the upper dot were assumed to be mod-
ulated, have been studied previously in Ref. [69]. As
Fig. 5 shows, the modulation of a single tunneling rate is
sufficient for generation of such correlations. This result
may seem to be non-intuitive, since the rate of tunneling
through the left lead, associated with the time τRL, is
now independent of the charge state of the lower dot.
To unveil the mechanism generating the correlations,
let’s consider the qualitative behavior of NCC as a func-
tion of the system parameters. Firstly, as expected, the
8magnitude of the cross-correlation rises as the amplitude
of the tunneling rate modulation |ΓR−ΓUR| increases [see
Fig. 5 (a)]. Let’s now focus on the influence of the dy-
namics of the lower dot. For the sake of simplicity, I
assume that γL = γR = γ. As follows, in contrast
to the symmetric system, the cross-correlation depends
on γ in a non-monotonic way and reaches its maximum
for some finite value of γ [see Fig. 5 (b)]. Moreover,
for γ → 0 the cross-correlation vanishes, which suggests
that the correlation of waiting times is a result of cor-
related tunneling processes in the upper and the lower
dot. Let’s consider this in detail and analyze the follow-
ing sequence of events: electron jump from the dot to
the right lead – waiting time τRL – jump from the left
lead to the dot – waiting time τLR – the second jump
from the dot to the right lead. Two cases are consid-
ered: (i) when the time τRL is short and (ii) when it
is long. For simplicity, I assume that ΓUR > ΓR. At
first let’s note that due to ΓUR > ΓR, the state (0, 1)
rather than (0, 0) would be generated at the beginning of
the process. Thus, for the short time τRL [the case (i)]
the probability that successive evolution of the systems
follows the trajectory θ1 = (0, 1) → (1, 1) → (0, 1) is
increased in comparison with the probability of the tra-
jectory θ2 = (0, 0) → (1, 0) → (0, 0). As a result, the
time τLR tends to be shorter than the mean value since
the trajectory θ1 is associated with the occupancy of the
lower dot which, due to ΓUR > ΓR, allows faster tunneling
from the upper dot. In consequence, the short time τRL is
correlated to the short successive time τLR. On the other
hand, for long times τRL [the case (ii)] the initial imbal-
ance of probabilities of states (0, 1) and (0, 0) is reduced
due to the tunneling through the lower dot. Therefore,
the probabilities of the state (0, 0) and the trajectory θ2
rise up, and the subsequent time τLR tends to be longer
than the mean value. Considering both cases together,
it is apparent that subsequent times τRL and τLR are
positively correlated.
One may ask, if the same waiting times (τRL and τLR),
but measured in the reversed order, are also correlated.
It appears, that they are not. As can be noted, in the
considered case the tunnel coupling of the upper dot to
the left lead is the same for either the (0, 0) or the (0, 1)
state. Thus, the rate of this process is in no way cor-
related to the previous course of the system’s dynamics.
As a result, subsequent times τLR and τRL are not cor-
related (〈∆τLR∆τRL〉 = 0). Therefore, in general the
correlation of two arbitrary waiting times τij and τji de-
pends on their order: 〈∆τij∆τji〉 6≡ 〈∆τji∆τij〉.
It has a direct consequence, which may also be sur-
prising: the waiting time distributions measured at the
left and the right junction, wLL(τ) and wRR(τ), can
be in general unequal. To illustrate this, let us ex-
press the variances of waiting times measured at the left
and the right junction (τLL and τRR respectively) as fol-
lows: 〈∆τ2LL〉 = 〈∆τ2LR〉 + 〈∆τ2RL〉 + 2〈∆τLR∆τRL〉 and
〈∆τ2RR〉 = 〈∆τ2LR〉+〈∆τ2RL〉+2〈∆τRL∆τLR〉. As one can
easily observe, these expressions differ only in the cross-
FIG. 5. (Color online). Normalized cross-correlation of
successive times τRL and τLR for the asymmetric system
[Fig. 2 (b)] with γL = γR = γ and ΓL = ΓR = Γ: (a) de-
pendence on (ΓUR − Γ)/(ΓUR + Γ) for different values of γ/Γ;
(b) dependence on (γ−Γ)/(γ+Γ) for different values of ΓUR/Γ.
FIG. 6. (Color online). Dependence of the quantities defined
in Eq. (27) on (ΓUR − Γ)/(ΓUR + Γ) for the asymmetric system
[Fig. 2 (b)] with γL = γR = γ and ΓL = ΓR = Γ for γ/Γ = 0.3.
σ – black line, ψ – red line, ξ – green line. Continuous and
dashed lines correspond to the quantities measured at the left
and the right lead respectively.
9correlation terms, and since these terms can be unequal,
the variances can differ as well.
It also appears, that the functions g(2)(τ), S(τ) and
S(ω) measured at different junctions are also nonequiv-
alent. At the same time, the mean currents and zero-
frequency FCSs at both junctions are always the same,
which is a consequence of the Kirchoff’s current law.
The pseudo-randomness parameter Π = q2/q
2
1 , measured
at any junction, is equal to the Fano factor. However,
the quantities ψ and ξ defined in Eq. (27) are junction-
dependent, as shown in Fig. 6. It should be mentioned,
that a similar difference in the time-dependent factorial
cumulants for incoming and outgoing electrons has been
recently reported by Stegmann and Ko¨nig [71].
Statistics of current fluctuations can be applied for
the reconstruction of generators of dynamics of the sys-
tems with hidden degrees of freedom. For example,
Bruderer et al. [29] have proposed a procedure which
enables determination of n unknown parameters of the
Liouvillian using zero-frequency FCS cumulants up to
the n-th order. Although measurement of FCS cumu-
lants up to the 15th order by single-electron counting
techniques have been reported [70], such experiments
are in general very demanding [29]. However, for non-
renewal systems the joint use of FCS and WTD may
reduce the order of cumulants required for the recon-
struction of the Liouvillian thanks to the independence
of FCS and waiting time distributions measured at dif-
ferent junctions. For example, all parameters of the Li-
ouvillian of the analyzed asymmetric system can be de-
termined using the set of five independent quantities:
{〈τLR〉, 〈τRL〉, 〈∆τ2LR〉, 〈∆τ2RR〉, F}. All these quantities
are related only to the first and the second order cumu-
lants, while the reconstruction on the basis of FCS would
require the use of cumulants up to the fifth order.
C. Comparison with the dynamical channel
blockade
As implied by the results presented above, in the sys-
tem exhibiting the telegraphic switching the noise en-
hancement can be associated with nonrenewal transport
statistics (cf. Fig. 3; one should be aware that for |a| = 1
the correlations vanish; thus, for example, the mecha-
nism of noise enhancement reported by Safonov et al. [72]
would not produce correlations). To highlight the signifi-
cance of this fact, let’s make a comparison with the other
known mechanism of noise enhancement, namely the dy-
namical channel blockade, focusing on the most simple
case – a two-level quantum dot in the strong Coulomb
blockade regime [Fig. 7 (a)]. The dot levels are assumed
to be unequally coupled to the right lead. The infinite-
bias limit is taken and the dynamics of the system is
described by a three-state Markovian model, with tun-
neling through a single lead corresponding to two tran-
sitions between states [Fig. 7 (b)]. One can ask if this
system exhibits the nonrenewal behavior. The answer is
ΓR
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FIG. 7. (Color online). (a) Scheme of the dynamical channel
blockade in a single quantum dot. (b) The three-state model
of the dynamical channel blockade. Red arrows with bullet-
tails correspond to the tunneling from the dot to the right
lead.
negative – no correlation takes place. To explain this one
should note an important difference between this model
and the one considered previously. The double quantum
dot examined beforehand is a multiple-reset system [28] –
there exist two sets of states corresponding to the specific
charge configurations of the upper dot. Each tunneling
event corresponds to the transition between these two
sets. Because of the finite values of transition rates be-
tween the states within the single set, the departure tra-
jectory from the set of states is correlated to the entry
trajectory. The current system is a single-reset one [28]
– after each tunneling from the dot to the right lead the
system returns to the same empty state and the succes-
sive trajectory is in no way correlated to the previous
one. Thus, the dynamics of the system is renewal. This
suggests that testing of the renewal property can be used
as a tool to differentiate between different mechanisms
leading to the noise enhancement, which can exhibit ei-
ther the renewal or the nonrenewal dynamics.
IV. ANDERSON MODEL
So far, I have focused on the telegraphic switching
phenomenon generating the positive cross-correlation of
waiting times. However, this is by no means the only one
mechanism producing nonrenewal current fluctuations.
As a matter of fact, Caycedo-Soler et al. [48] have already
investigated the three-level cascade-like optical system in
which subsequent waiting times between photon emis-
sions were shown to be negatively correlated. The case
analyzed therein has a direct electronic analogue: the
Anderson single impurity model in the infinite bias limit,
which can be realized using a single quantum dot with
a finite value of the intra-dot Coulomb interaction. Cur-
rent fluctuations within this model have been previously
investigated in Refs. [14, 28], and Brandes [28] has even
already mentioned its nonrenewal (multi-reset) charac-
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ter. In this section I go, however, beyond the previous
studies by introducing spin polarization of leads attached
to the dot, which generates the telegraphic switching.
This enables us to observe the interplay of two mecha-
nisms leading to either the negative or the positive cross-
correlation of waiting times and analyze its influence on
cumulants of FCS and WTD.
A. Model
The analyzed system [Fig. 8 (a)] consists of a quantum
dot with a single electronic level. I consider unidirec-
tional transport from the left to the right lead. The dou-
ble occupancy of the dot by electrons with anti-parallel
spins is now allowed. Thus, there are four states within
the transport window: the empty state (denoted |0〉),
two singly-occupied states with different spin orienta-
tions (|↑〉 and |↓〉) and the doubly occupied state (|↑↓〉).
Tunneling rates between the dot and the leads are as-
sumed to be energy dependent, which makes them con-
ditioned on the occupancy of the dot. As in the pre-
viously considered case, the energy-dependence of the
tunneling rates is described by the asymmetry param-
eter a. For the sake of simplicity, I assume that the
dot is symmetrically coupled to the left and the right
lead. For spin-independent tunneling rates the dynamics
of the system can be described by a three-state Marko-
vian model [Fig. 8 (b)], with states {(0), (1), (2)} refer-
ring to the empty, the singly-occupied and the doubly-
occupied state, regardless of the spin. This is equivalent
to the models investigated in Refs. [14, 28, 48].
Moreover, the leads are assumed to be equally
spin polarized with the polarization defined as p =
(ρ↑ − ρ↓)/(ρ↑ + ρ↓), where ρ↑, ρ↓ are the densities of
states for ↑ and ↓ electrons. The tunneling rates for
different spin polarizations are then expressed as fol-
lows: Γ↑± = (1 + p)Γ± and Γ↓± = (1 − p)Γ±, where
Γ± = (1 ± a)Γ. The dynamics of the system is then
described by a four-state Markovian model [Fig. 8 (c)].
The Liouvillian written in the basis {|0〉, |↑〉, |↓〉, |↑↓〉} is
expressed as follows:
L = Γ

−2(a+ 1) A(+)P (+) A(+)P (−) 0
A(+)P (+) −2ap− 2 0 A(−)P (−)
A(+)P (−) 0 2ap− 2 A(−)P (+)
0 A(−)P (−) A(−)P (+) −2(1− a)
 ,
(28)
where A(±) = 1±a, P (±) = 1±p. Afterwards, I focus on
the tunneling from the left lead to the dot. The operator
counting all transitions in the junction, irrespectively of
the electron spin and the occupancy of the dot, is intro-
duced as
JL = Γ

0 0 0 0
A(+)P (+) 0 0 0
A(+)P (−) 0 0 0
0 A(−)P (−) A(−)P (+) 0
 .(29)
Γ(1-a)Γ(1-a)
Γ(1+a)
Γ(1+a)
Γ(1+a)
Γ(1+a)
(a)
2 (1+a)
(1-a)2 (1-a)
(1+a)
(b)
Γ(1-a)(1-p) Γ(1-a)(1+p)
Γ(1+a)(1+p) Γ(1+a)(1-p)
(c)
FIG. 8. (Color online). (a) Scheme of the transport within
the Anderson model in the infinite bias limit. (b,c) Three- and
four-state Markovian models of systems without and with spin
polarization of the leads. Red arrows with bullet-tails denote
transitions corresponding to the tunneling from the left lead
to the dot.
In comparison with the model considered in the previous
section [Fig. 1 (b)], the tunneling through a single junc-
tion corresponds herein to four, instead of two, different
transitions between states. As shown below, the way in
which electron tunnelings are counted (and thus the form
of the jump operator) has a significant impact on results.
In contrast to the optical systems (like the one con-
sidered by Caycedo-Soler et al. [48]), in which emissions
of photons are detected, in the electronic systems one
can experimentally detect charge states, and thus ana-
lyze not only jumps through a single lead, but also el-
ementary transitions (0) ↔ (1) and (1) ↔ (2). These
elementary processes are renewal ones even in the case
when the leads are spin-polarized. In view of this, the
analysis of nonrenewal statistics may seem superfluous.
However, Prance et al. [73] have shown that the detec-
tion of electron jumps rather than charge states may be
preferred due to the lesser vulnerability to noise. There-
fore, the theoretical description applied in this paper has
experimental relevance.
The analyzed model assumes that only the single level
is available for the transport, and at the same time the
zero, single and double occupancy of the dot is allowed.
In real multi-level quantum dots this requires the intra-
dot Coulomb interaction energy U to be smaller than
the separation between electronic levels of the dot. One
should be aware that in relatively large lateral quantum
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dots realized in the two-dimensional electronic gas, where
most of single-electron counting experiments have been
conducted, the opposite is true – the charging energy
is much greater than the level spacing [74, 75]. How-
ever, the considered model can be realized, for example,
in ultrasmall quantum dots, in which the level spacing
is high due to strong quantum confinement [76], or in
three-dimensional CdSe or InAs dots, where U can be
smaller than the energy separation between the s- and
p- orbitals due to the screening of the Coulomb interac-
tion [77, 78]. Also the other experimental requirements
can be satisfied in aforementioned systems, since the cou-
pling of the InAs quantum dot to spin polarized leads
has been achieved [79], and the single-electron counting
in individual CdSe dots using carbon nanotube detectors
has been realized [33, 80]. Thus, the experimental verifi-
cation of the results presented herein by state-of-the-art
techniques may be feasible.
B. Results
I begin the analysis by considering the normalized
cross-correlation of two successive times τLL. The de-
pendence of the cross-correlation on a and p is shown
as a two dimensional contour plot in Fig. 9, with two
cross-sections of this plot shown in Fig. 10 (a). It is
apparent, that the cross-correlation can be both posi-
tive or negative, which contrasts with the case consid-
ered in Sec. III, where only the positive cross-correlation
occurred. This indicates that in the currently consid-
ered system there exist at least two competing processes
leading to the negative and the positive cross-correlation,
respectively. Let’s first analyze the process leading to
the negative cross-correlation, which is clearly different
from the one considered previously. As the definition of
the cross-correlation [Eq. (9)] indicates, the sign may be-
come negative when the times positively and negatively
deviating from the mean are intermingled. Le’s now fo-
cus on the case of p = 0. As follows from Fig. 9, the
cross-correlation is then always negative. In this case
the dynamics can be described by the three-state model
[Fig. 8 (b)], later referred to as the cascade model. Let’s
now analyze the following trajectory of transitions be-
tween the states of the system: (0) → (1) → (2). The
waiting time between transitions (0)→ (1) and (1)→ (2)
may be short – these events may occur even simultane-
ously [w(τ = 0) is finite]. However, if such a trajec-
tory is realized, the next tunneling to the dot is blocked
until at least one electron departs the dot, and there-
fore the waiting time tends to be longer than the mean
one. In consequence, a short waiting time tends to be fol-
lowed by a long one, which results in the negative cross-
correlation. This can be illustrated by considering the
difference w(τ1, τ2) − w(τ1)w(τ2), where w(τ1, τ2) is the
joint distribution of two subsequent times τLL (denoted
as τ1 and τ2), and w(τ1)w(τ2) is the product of two single
waiting times distributions. For the sake of better clarity
FIG. 9. (Color online). Dependence of the normalized cross-
correlation NCC of successive waiting times τLL on a and
p.
of presentation I plot the normalized quantity
∆(τ1, τ2) =
w(τ1, τ2)
w(τ1)w(τ2)
− 1, (30)
which is the aforementioned difference divided by
w(τ1)w(τ2). The plot of ∆(τ1, τ2) for p = 0 and a = 0 is
shown in Fig. 11. As one can observe, for τ1 close to 0 the
probability that the time τ2 is shorter than the mean time
〈τLL〉 = 1/Γ is decreased, and the probability that it is
longer is increased, which confirms the qualitative reason-
ing presented above. Now, coming to the issue of the pos-
itive cross-correlation, let’s consider the case when a 6= 0
and p ≈ 1. At first, it should be noted that electrons
with different spin polarizations flow through separate
but mutually interacting transport channels. The main
contribution to the current comes from the tunneling of
the majority spins. The transport of the minority spins
slowly modulates the conductance of the spin-majority
channel due to the dependence of tunneling rates on the
occupancy of the dot. Thus, one can observe the tele-
graphic switching process similar to the one occurring
in the previously considered double dot system. As a
result, the cross-correlation becomes positive. As Fig. 9
indicates, in some cases the competition of the above con-
sidered processes makes the cross-correlation equal to 0.
In the next step I analyze the Fano factor and the
randomness parameter. Their dependence on p for two
different values of a is shown in Fig. 10 (b). For a = 0
the telegraphic switching does not occur (the tunneling
rates are independent of the occupancy of the dot) and
the Fano factor is equal to 1/2 irrespectively of p. This
finding may be explained as follows: there exist two in-
dependent transport channels for different spin polariza-
tions. Each of them can be modeled as a symmetrically-
coupled single-level dot in the strong Coulomb blockade
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FIG. 10. (Color online). (a,b) Dependence of (a) the normal-
ized cross-correlation NCC of successive waiting times τLL,
(b) the Fano factor F (black curves) and the randomness pa-
rameter R (green curves) on p for different values of a. (c)
The plot of the quantities defined in Eq. (27) vs p for a = 0.5.
σ – black continuous line, ψ – red dashed line, ξ – green con-
tinuous line.
regime, in which the Fano factor is equal to 1/2 [27]. In
contrast, the randomness parameter is increased due to
the cascade-like behavior, and reaches its maximum for
p = 0. For a = 0.5 and p 6= 0 the telegraphic switch-
ing occurs and both the Fano factor and the random-
ness parameter are increased. One can note a coinci-
dence between the signs of the cross-correlation and the
expression F − R. This coincidence was confirmed for
different sets of the system parameters. In Sec. III B it
was shown, why in the case of telegraphic switching the
positive-cross correlation of waiting times is associated
with the positive sign of the difference F −R. Let’s now
consider the case of negative cross-correlation using the
following simplified model: the system emits electrons
in a deterministic way, with the even/odd waiting times
equal to τ1 or τ2 respectively. The cross-correlation of
the subsequent waiting times is negative, because short
and long waiting times are intermingled. Since the sys-
tem is deterministic, in the long time limit the number
FIG. 11. (Color online). The normalized difference of the
joint distribution of two successive waiting times τLL (de-
noted τ1 and τ2) and the product of two single-waiting time
distributions for a = 0 and p = 0.
of particles transferred in the time t is not fluctuating
and is given by the expression n(t) = 〈n(t)〉 = t/〈τ〉,
where 〈τ〉 is the mean waiting time (τ1 + τ2)/2. Thus,
the Fano factor is equal to 0. The variance of the waiting
times is however non-zero, because there are two different
waiting times, and it is given by the following expression:
〈∆τ2〉 = [(τ1−〈τ〉)2+(τ2−〈τ〉)2]/2 = (τ1−τ2)2/4. There-
fore, the randomness parameter is positive and R > F .
Similar reasoning applied to the case, when waiting times
are stochastically distributed, and at the same time two
successive waiting times are in general negatively corre-
lated, should explain the coincidence of signs of the cross-
correlation and F −R in the model considered. However,
to check the generality of this rule I have also analyzed
other Markovian models with different numbers of states
and arbitrary chosen jump operators. The analysis has
shown that the relation considered is not universal, but
rather applies only to specific systems. It may be asso-
ciated with the fact that the reasoning above neglects
the correlations of higher numbers of successive wait-
ing times [i.e. associated with distributions of the type
w(τ1, τ2, ..., τN )].
Let’s now consider the quantities related to the cu-
mulants of the third order defined in Eq. (27). Their
dependence on p for a chosen value of the asymmetry
parameter a is shown in Fig. 10 (c). Again, one can note
that the sign of the expression σ−ξ is coincident with the
sign of the cross-correlation [cf. Fig. 10 (a)]. Also this
coincidence was confirmed for different sets of the param-
eters of the model considered. However, also in this case
the analysis of other Markovian models has shown that
this relation is not universal. The parameter ψ, related
to the cumulants of WTD, is not equal to σ even for
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FIG. 12. (Color online). The normalized difference of the
joint distribution of two successive waiting times τLL and the
product of two single-waiting time distributions for a = 0.5
and p = 0.5 for different ranges of τ1: (a) [0.15, 6.0] and
(b) [0.0, 0.15].
a = 0.5 and p = 0.5, when the cross-correlation equals 0.
This suggests that the dynamics is still nonrenewal – the
joint distributions of successive waiting times w(τ1, τ2)
cannot be factorized into two separate waiting time dis-
tributions. It can be shown by plotting the parameter
∆(τ1, τ2) defined in Eq. (30) (Fig. 12). For sufficiently
high values of τ1 the function ∆(τ1, τ2) is positive when
both successive times are simultaneously short or long,
while negative otherwise [see Fig. 12 (a)], which is a result
of the telegraphic switching. On the other hand, focus-
ing on small values of τ1 [Fig. 12 (b)] enables us to see a
positive correlation of very short waiting times and the
successive long ones, which is a trace of the cascade-like
behavior (cf. Fig. 11).
When only one mechanism generating waiting time
correlations is present, the normalized cross-correlation
seems to be a proper quantity describing the degree of
FIG. 13. (Color online). Dependence of the mutual informa-
tion between distributions of two successive waiting times on
p for a = 0 (black line) and a = 0.5 (red dashed line).
deviation from the renewal behavior. However, as shown
in the previous paragraph, NCC may be equal to 0 even
in the case of the nonrenewal dynamics, providing that
mechanisms generating both the positive and the nega-
tive correlations of waiting times are present. This sug-
gests, that the cross-correlation, although very informa-
tive, is not a sufficient indicator of the nonrenewal be-
havior. Therefore, one can look for an another quantity
which is always non-zero when the renewal assumption
does not hold. This requirement is met by the mutual
information [81], which is a popular measure of depen-
dence of two random variables. For the considered case
it can be defined in the following way:
I(τ1; τ2) =
∫ ∞
0
dτ1
∫ ∞
0
dτ2w(τ1, τ2) log
[
w(τ1, τ2)
w(τ1)w(τ2)
]
.
(31)
Dependence of the mutual information on p for two cho-
sen values of a is shown in Fig. 13. For a = 0, when the
cascade-like behavior is a sole mechanism generating the
nonrenewal statistics, the mutual information decreases
with increasing magnitude of p in the same way, as the
magnitude of the cross-correlation. For p = 0.5 no clear
relation between the cross-correlation and the mutual in-
formation can be found. As a consequence of Jensen’s
inequality [81], the mutual information is always positive
when the dynamics is nonrenewal and equals 0 in the op-
posite case. As a result, the mutual information informs
about the degree of deviation from the renewal behavior,
but not about the character of correlations. Thus, the
mutual information and the normalized cross-correlation
may be considered as two complementary quantities char-
acterizing nonrenewal transport statistics.
V. CONCLUSIONS
Statistics of current fluctuations in the system of two
capacitively coupled quantum dots and the Anderson
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model in the infinite bias limit have been studied apply-
ing the Markovian master equation. Using the joint dis-
tribution of two successive waiting times between trans-
port events it was demonstrated that both systems ex-
hibit the nonrenewal behavior – the successive waiting
times are correlated. The correlation between waiting
times is a result of the electron-electron interaction. Two
mechanisms, the telegraphic switching and the cascade-
like behavior, were identified to generate the positive
and the negative cross-correlation of subsequent wait-
ing times respectively. The former mechanism, occur-
ring in both analyzed systems, is associated with the
stochastic switching between different values of tunnel-
ing rates, which is a result of their dependence on the
charge configuration of the system. The latter mecha-
nism, occurring in the Anderson model, is a result of the
nearly-simultaneous occurrence of two electron tunnel-
ings which fill the dot, thus blocking the transport for a
certain time. From the formal point of view, the pres-
ence of correlations is associated with the form of the
jump operator which describes the analyzed tunneling
process. Since the waiting time cross-correlation depends
on the transport mechanism, it seems to be a useful quan-
tity characterizing the electronic transport in mesoscopic
systems. In particular, it can be useful for identifying
the cause of the noise enhancement, since its two most
common mechanisms – the telegraphic switching and the
dynamical channel blockade – can be distinguished by
the presence or absence of waiting time correlations.
The nonrenewal dynamics also has a profound influ-
ence on the results provided by two more common ap-
proaches to the study of current fluctuations, the full
counting statistics and the single waiting time distribu-
tion. This influence is associated with the presence of
relations between these approaches, which are valid only
in the case of the renewal dynamics. When such relations
do not hold, it can be inferred that the dynamics is nonre-
newal. For example, in this paper, apart from the already
reported breaking of identities between cumulants of FCS
and WTD, also a nonequivalence of waiting time distribu-
tions characterizing the incoming and outgoing tunneling
processes was demonstrated. This finding contrasts with
the case of the renewal dynamics, when such distribu-
tions are equivalent and related to FCS. In consequence,
the presence of correlations increases the number of inde-
pendent measurable quantities, which may be useful for
reconstructing the transport mechanism of the system
on the basis of current fluctuations statistics. Moreover,
the nonrenewal dynamics breaks some relations between
the zero-frequency FCS, WTD and the second-order cur-
rent correlation function S(τ). This hinders the recon-
struction of WTD on the basis of S(τ), but on the other
hand enables to infer the presence of waiting time corre-
lations without direct measurement of WTD, which can
extend the analysis of nonrenewal current fluctuations to
the systems to which the single electron counting is not
applicable.
The presented results should be experimentally veri-
fiable using state-of-the-art techniques. Moreover, the
paper may give motivation for reanalysis of the already
existing experimental data. For example, it would be
worthwhile to analyze waiting time correlations in the
telegraphic switching system reported by Fricke et al. [21]
and in the dynamical channel blockade system studied by
Gustavsson et al. [16], which should exhibit the nonre-
newal and the renewal dynamics, respectively. Theoret-
ical methods used in this paper may also find applica-
tions beyond the field of electronic transport, for exam-
ple in the statistical kinetics of biomolecular systems [82],
where WTD is already an established tool [39, 40] and
Markovian models similar to the ones considered herein
are studied [41].
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